Given a fixed starting point (Lat1, Lon1) and distance Dist, as well as a variable direction x, we can express the new location (Lat2, Lon2) as a function of x, as follows (assuming that neither the 180th meridian nor any of the poles is reached or crossed):

Lat2(x) = arcsin(sin(Lat1)*cos(Dist) + cos(Lat1)*sin(Dist)*cos(x))
Lon2(x) = Lon1 – arctan((sin(x)*sin(Dist)*cos(Lat1)) / (cos(Dist) – sin(Lat1)*sin(Lat2(x))))
After substituting the formula for Lat2(x) in the above formula, we get

Lon2(x) = Lon1 – arctan((sin(x)*sin(Dist)*cos(Lat1)) / (cos(Dist) – sin(Lat1)*sin(arcsin(sin(Lat1)*cos(Dist) + cos(Lat1)*sin(Dist)*cos(x)))))
Since sin(arcsin(y)) is equal to y, this can be simplified (for some definition of simple ( ) to
Lon2(x) = Lon1 – arctan((sin(x)*sin(Dist)*cos(Lat1)) / (cos(Dist) – sin(Lat1)*(sin(Lat1)*cos(Dist) + cos(Lat1)*sin(Dist)*cos(x))))
Now before going on, I’ll try to make this look simpler by replacing some constant expressions with symbols, as follows:


A = sin(Dist)*cos(Lat1)


B = sin(Lat1)*cos(Dist)


C = cos(Dist)


D = sin(Lat1)

Lon2(x) = Lon1 – arctan((sin(x)*A) / (C – D*(B + A*cos(x))))
or

Lon2(x) = Lon1 – arctan((A*sin(x)) / (C – B*D – A*D*cos(x)))
For the bounding box, we need to find the values of x that result in the lowest and highest values for Lon2(x). Any extreme value (local minimum or local maximum) for a function will always be characterised by the derivative function being equal to 0. So in order to find the directions that yields the lowest and highest longitude, we need to find the function for the derivative of Lon2(x), also known as Lon2’(x), and than find the value of x where Lon2’(x) is equal to 0. Since I didn’t remember much of the derivation rules that were taught to me in high school, I relied heavily on the information I found on Wikipedia.
First, I use the subtraction rule:

Lon2’(x) = (Lon1)’ – (arctan((A*sin(x)) / (C – B*D – A*D*cos(x))))’
Lon1 is a constant, so (Lon1)’ is 0 (constant rule), which leaves us with
Lon2’(x) = – (arctan((A*sin(x)) / (C – B*D – A*D*cos(x))))’
Since this expression applies the arctan function to a function of x, we now need to use the chain rule:

Lon2’(x) = – arctan’((A*sin(x)) / (C – B*D – A*D*cos(x))) * ((A*sin(x)) / (C – B*D – A*D*cos(x)))’
According to this Wikipedia article, arctan’(y) = 1 / y2, so this equates
Lon2’(x) = – 1 / (1 + ((A*sin(x)) / (C – B*D – A*D*cos(x)))2) * ((A*sin(x)) / (C – B*D – A*D*cos(x)))’
For the second half of the equation, the next rule to apply is the quotient rule.

Lon2’(x) = – 1 / (1 + ((A*sin(x)) / (C – B*D – A*D*cos(x)))2)

 * (((A*sin(x))’ * (C – B*D – A*D*cos(x)) - (A*sin(x)) * (C – B*D – A*D*cos(x))’) / (C – B*D – A*D*cos(x))2)

There are still two functions left to find the derivate for: (A*sin(x))’ and (C – B*D – A*B*cos(x)))’. For the former, we use the fact that sin’(y) = cos(y) and the constant multiple rule; for the latter we use cos’(y) = – sin(y), the constant multiple rule and the subtraction rule. The end result is now as follows:

Lon2’(x) = – 1 / (1 + ((A*sin(x)) / (C – B*D – A*D*cos(x)))2)


 * (A*cos(x) * (C – B*D – A*D*cos(x)) - A*sin(x) * A*D*sin(x)) / (C – B*D – A*D*cos(x))2
or

Lon2’(x) = – 1 / (1 + ((A*sin(x)) / (C – B*D – A*D*cos(x)))2)


 * (A*cos(x) * (C – B*D – A*D*cos(x)) – A2*D*sin(x)2) / (C – B*D – A*D*cos(x))2
Since 1 / w * y / z equals y / (w * z), we can rewrite this as follows:
Lon2’(x) = – (A*cos(x) * (C – B*D – A*D*cos(x)) – A2*D*sin(x)2) / ((1 + (A*sin(x) / (C – B*D – A*D*cos(x)))2) * (C – B*D – A*D*cos(x)))

The divisor in this expression has the structure (1 + (y / z)2) * z, this can be rewritten as z + y2 / z or (y2 + z2) / z, or in the full formula:
Lon2’(x) = – (A*cos(x) * (C – B*D – A*D*cos(x)) – A2*D*sin(x)2) / (((A*sin(x))2 + (C – B*D – A*D*cos(x))2) / (C – B*D – A*D*cos(x)))

The structure of this equation looks like w / y / z, which we can rewrite as w * z / y:
Lon2’(x) = – (A*cos(x) * (C – B*D – A*D*cos(x)) – A2*D*sin(x)2) * (C – B*D – A*D*cos(x)) / ((A*sin(x))2 + (C – B*D – A*D*cos(x))2)

We can rewrite this as follows:
Lon2’(x) = (A2*D*sin(x)2 * (C – B*D – A*D*cos(x)) – A*cos(x) * (C – B*D – A*D*cos(x))2 )  / ((A*sin(x))2 + (C – B*D – A*D*cos(x))2)

Since the derivative Lon2’(x) is expressed as a division, we need to be aware of division by zero exceptions. These will occur if the divisor is equal to zero: (A*sin(x))2 + (C – B*D – A*D*cos(x))2 = 0. Since the divisor is the sum of two squares, it’ll only be zero if both squares are zero:

A*sin(x) = 0


and
C – B*D – A*D*cos(x) = 0

The former happens when x is equal to 0 or π, which means that cos(x) is 1 or –1. The second condition for a zero divisor can thus be translated to



C – B*D = A*D    or    C – B*D = –A*D.
Remembering that A, B, C, and D were placeholders for more complex constant expressions, we now know that division by zero in the derivative will occur if


cos(Dist) – sin(Lat1) * cos(Dist) * sin(Lat1) = + or – sin(Dist) * cos(Lat1) * sin(Lat1).

or



1 – sin(Lat1)2 = + or – tan(Dist) * cos(Lat1) * sin(Lat1).

I didn’t check it any further, but I’m quite sure that this is the case if the starting point is exactly Dist south of the North Pole, or exactly Dist north of the South Pole. I already excluded those cases, so I don’t need to concern myself with them.
Going back to what I set out to do, finding the values of x where the derivative is 0, we don’t need to concern ourselves anymore with the divisor. As long as b can not be 0, any expression a / b will be 0 if and only if a = 0. So we need to find the values of x for which

A2*D*sin(x)2 * (C – B*D – A*D*cos(x)) – A*cos(x) * (C – B*D – A*D*cos(x))2 = 0

or


A2*D*sin(x)2 * (C – B*D – A*D*cos(x)) = A*cos(x) * (C – B*D – A*D*cos(x))2
We can now divide both sides of the expression by (C – B*D – A*D*cos(x)). This is not valid if this term is 0 (which –again, without mathematical proof–, excludes all situations where a pole or the 180th meridian is touched or crossed)


A2*D*sin(x)2 = A*cos(x) * (C – B*D – A*D*cos(x))

The next reduction is achieved by dividing both sides by A. Since A is short for sin(Dist)*cos(Lat1), this division is illegal if either sin(Dist) or cos(Lat1) is zero – in other words, if the search radius is 0 or the complete earth, or if the search originates on either pole.


A*D*sin(x)2 = cos(x) * (C – B*D – A*D*cos(x))

or


A*D*sin(x)2 = C * cos(x) – B*D * cos(x) – A*D*cos(x)2
The next step is replacing sin(x)2 by 1 – cos(x)2 (see this Wikipedia article), yielding

A*D*(1 – cos(x)2) = C * cos(x) – B*D * cos(x) – A*D*cos(x)2
or


A*D – A*D*cos(x)2 = C * cos(x) – B*D * cos(x) – A*D*cos(x)2
We add A*D*cos(x)2 to both sides of the equation to get


A*D  = C * cos(x) – B*D * cos(x)

or


A*D  = (C – B * D) * cos(x)

Divide both sides by (C – B * D)

cos(x) = A*D / (C – B * D)

Now, it is tempting to rewrite this as

x = arccos(A*D / (C – B * D))

… but tempting as it is, it would be wrong. Or rather, incomplete. In each full circle, there are always two directions that have the same cosine value. The function arccos(y) can only return one of them; the other one is – arccos(y), which is of course also equivalent to 2 * π – arccos(y). So, back to our quest to find the direction to take to reach the lowest and highest longitude, given a starting point and radius; the answer would be the values of x for which the derivative function equals zero, or these values:

x = arccos(A*D / (C – B * D))


and
x = – arccos(A*D / (C – B * D))

Of course, things are slightly less simple than they now appear. A, B, C, and D must still be replaced by their original meanings:

A = sin(Dist)*cos(Lat1)


B = sin(Lat1)*cos(Dist)


C = cos(Dist)


D = sin(Lat1)

I’ll handle the first formula first; the second is then trivial:

x = arccos(sin(Dist)*cos(Lat1)*sin(Lat1) / (cos(Dist) – sin(Lat1)*cos(Dist)*sin(Lat1)))

which can be rewritten as


x = arccos(sin(Dist)*cos(Lat1)*sin(Lat1) / (cos(Dist) * (1 – sin(Lat1)2)))

Now we replace 1 – sin(y)2 by cos(x)2 (see this Wikipedia article) to get

x = arccos(sin(Dist)*cos(Lat1)*sin(Lat1) / (cos(Dist) * cos(Lat1)2))

which can be reshuffled as


x = arccos((sin(Dist) / cos(Dist)) * (cos(Lat1)*sin(Lat1) / cos(Lat1)2))

or, since a * b / a2 = b / a,


x = arccos((sin(Dist) / cos(Dist)) * (sin(Lat1) / cos(Lat1)))

and since sin(y) / cos(y) = tan(y), the final version of this formula looks as follows:


x = arccos(tan(Dist) * tan(Lat1))

It won’t get any simpler than this. The other formula is of course almost equal:


x = – arccos(tan(Dist) * tan(Lat1))

